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Abstract 

When the norm on continuous bounded variation paths weakened to 2- 
variation, the area operator is not continuous nor bounded, but is closable 
in 2-rough norm, and paths in the closure (i.e. paths which admits an 
enhancement into a geometric 2-rough path) is not hnear. 

For path 7 with vanishing 2-variation, the Riemann-Stieltjes integral 
2~^ JJ^^^^^^^^j [d7 (ui) , d7 (112)] is the only possible candidate to en- 
hance 7 into a geometric 2-rough path, but the integral may not exist, so 
not every path with vanishing 2-variation admits an enhancement. 

Young integral is extended to the case + q^^ = 1 by assuming a 
finer scale continuity. As a consequence, when p = g = 2, by adding a log 
term (and log log term, etc.) in the modulus of continuity, there exists a 
sequence of nested spaces of enhancible paths. 

1 Definitions and notations 

Firstly, we define p-variation seminorm on the space of continuous paths, which 
is important in rough path theory (see [3], [1] and [T]). 

Definition 1 A finite set of points D — {tj}"^g is said to be a finite partition 
of interval [0, T], if = to < ti <•••</;„= T. 

Notation 2 Suppose D — {tj}"^^ is a finite partition of [0,r]. Denote \D\ := 
maxo<j<„-i — tj\} as the mesh of D. 

Notation 3 Denote V as a Banach space with norm ||-||. 

Notation 4 ForT > 0, denote C ([0, T] , V) := {7I7 : [0, T]-^V is continuous}; 
denote A[o.t] '■— {(s,i) |0 < s < t < T} and 

C (A[o.t], V) :— {a|a : A[o^t] — > V is continuous, a {t,t) = 0,Vt e [0,r]} . 
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Definition 5 Suppose a G C (A[o,t]5 V). For p > 0, define the p-variation of 
a on [0,T] as 



Mp-var,[0,T] ■■= \ SUp ^ ||a fe, + f , (1) 

where the supremum is over all finite partitions of [0,T]. 
When p = 00, define ||Q;||oo-„ar,[o,T] := supo<s<t<T 

For any fixed a € C (A[o,t] , V) , the function p i-)> ||Q:||p_^or,[o,T] on p G (0, oo] 
is non-increasing and continuous where it is finite. 

Definition 6 Suppose a £ C (A^q ^-j, V). Then a is said to be of vanishing 
p-variation for some p> 0, if 



liniwp(a,5) := lini sup V ||a (t^, =0. (2) 

Definition 7 Suppose 7 e C([0,T] , V). Define 7 e C (A^^t], V) by setting 

j{s,t):=j{t)-'y{s),yO<s<t<T. (3) 

Then define ||7llp-^ar,[o,Tl ■= ll7llp-^ar,[o,T]' (7, J) := ujp{j,d) and that 7 is 
said to be of vanishing p-variation iflims^o ojp (7, S) = 0. 

Both p-variation norm and being of vanishing p-variation arc invariant under 
reparametrisation (i.e. continuous non-decreasing tp : [0,T] — >■ IR+, continuity 
preserves compactness and being non-decreasing preserves the order). 

Notation 8 For p > 0, denote CP-'"''' (A[o,t], V) and C^'P"'""' (A[o,t], V) as 
subspaces of C ( A^^t] > V) .• 

C7^— (A[o,T],V) : ={aeC(A[o,T],V)||H|^__,[o,T]<°o}, 
C°'f-''-(A[o,T],V) : =|aeC(A[o,Tl,V)|limu;p(a,5)=o|. 

Similarly, for p > 1, denote CP-'"''' ([0,T] , V) and C^'P"""'' {[0,T],V) as sub- 
spaces of continuous paths C ([0, T] , V): 

CP-''-([0,T],V) : ={7eC([0,T],V)|||7lU„,,[o,,] <^}, 
C^°~''([0,r],V) : =|7GC([0,T],V)|limWp(7,(5)=o|. 
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Then (based on Proposition5.6 [T]), C^'P"""'^ (A[o.t], V) C C^"™'' (A[o,t], V) 
and C'°'P-'""^ ([0, T] , V) C C^"""'' ([0, T] , V). Moreover, C'p-™'' ([0, T] , V) can 
be treated as a subspace of C^-^"-^ (A[o^t]i"I^) in which functions on j-j are 
generated from paths (by ©). Similarly, C°^p-^<^^ ([0,T] , V) can be treated as 
a subspace of C'O'P-"'"' (A[o ^j, V). Therefore, we have the inclusions of spaces: 

CO^P-™'-(A[o,T],V) c Cf-™'-(A[o,T],V) 

u u 
c°'P-™'^([o,r],v) c CP-™'' ([o,T] ,v) 

For paths in C'O'P-^""' ([0,r] , V) an explicit characterization is available. 

Notation 9 Suppose 7 : [0,T] — )■ V is a continuous path, and D — {tj}^ a 
finite partition of [0, T]. Denote 7^ as the piecewise linear path which coincides 
with 7 on points in D, i.e. 

7''W = T^^7fe-+i) + ^^±i— ^7fe), te[t„t,+^]. (4) 

Then when 1 < p < cx), for 7 e C^"™'' ([0, T] , V), the following three 
statements are equivalent (Wiener's characterization, Thm5.31 [1]): 

7e C7°'P-™'^([0,T],V) (5) 
^ 3 {7„}^^o e C'"™'^ ([0, r] , V) s.t. hm ||7„ - 7lU.a..[o.T] = « 

n— >-oo ^ .L.J 

<^ lim ||7^ - 7II ,^ = 0. 

(In Thm5.31 [T], the equivalency is identified for paths taking value in M'', but 
can be extended to paths taking value in Banach space V.) When p = 1, the 
latter two are equivalent to the absolutely continuity of 7 (Propositionl.32 [1]), 
while 7 is of vanishing 1-variation if and only if it is a constant. 

Notation 10 Denote ® as tensor product. Suppose (V, ||-||y) and (U, ||-||^) are 
two Banach spaces. Denote (V (^U, ||-||v(g)w) Banach space defined as the 

completion of 'i^ Ui, VieV,UieU, n > 1 } w.r.t. ||-||y^;^. 

Notation 11 For Banach space (V, |j-|jy) and vi,V2 G V, denote [^1,^2] := 
(81 f 2 — €5 fi . Denote ([V, V] , IHIvigiv) "^'^ Banach space defined as the 
completion o/{Er=i [""i-^'l] > vl,vl e V, n > l} w.r.t. |Miv(g,v 

In this manuscript, we assume \\v u||y^^ < ||u||y Vu G V, Vu G U. 

Definition 12 Suppose V andU are two Banach spaces, and G C'^^"'"' ([0, T] , V), 

72 G c'l-™'' ([o,r],z^). 

Define the iterated integral ofji and I{jiiJ2) ^ ^ (A[o,t]: "1^ ® 
^(71,72) - // d7i(Mi)®d72(M2), VO<s<t <T 

S<tli<tl2<t 
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When It = V (so -f, e C^-™'' ([0,r] , V), i = 1,2), define A (71,73) € 
C(A[o,T],[V,V]) as 

A {11,12) {s,t)^ \ j[ [d7i (ui) , ^72 ("2)] , VO < s < t < T. 

^ J J S<Ui<U2<t 

The notation /(7i,72) is used in the proof of extension of Young integral, 
A (7^, 72) is used to estimate A (7) when 7 = 7^ +72- 

Definition 13 (area) Suppose 7 e C^"™'' ([0, T] , V). Define the area of 'y, 
A(7)eC(A[o,T],[V,V]) :=^(7,7). 

Definition 14 (area operator) The area operator is the operator defined on 
the set of continuous bounded variation paths which sends j to A (7). 

The area operator can be extended where the Riemann-Stieltjes integral 
A (7) is well-defined (e.g. O2 (V) defined below). 

When 7 e C^-™'' ([0, T] , V), based on Young integral (i.e. 1^ below), 

A (7) e (A[o,T], [V, V]) C C"^!-™'- (A[o.T], [V, V]) . 

On the other hand, because wi (a, 5) < \\a — an||i_„^^ + Wi (0,1,6) {ll>i defined 
at ©), C'O'i-™'' (A[o,T], [V, V]) is closed under 1-variation. Thus, 

{^(7)|7eC'i— ([0,T],V)}'"™'' c C"^!-"- ( A[o^T] , [V, V]) . (6) 

Definition 15 (weak geometric 2-rough path) Suppose 7 e C ([0,r] , V), 
ae C(A[o,T],[V,V]). T/ien r (7,a) e C(A[o,T],V® [V,V]) is called a weak 
geometric 2-rough path, if for any 0<s<u<t<T, 

a [s, t)^a (s, u) + a {u, t) + ^ [7 (u) - 7 (s) , 7 (t) - 7 (u)] , (7) 

and ||r||Q(2) := {\\l\\l-„ar + \Ml-var)^ <C»- 

Property at ([7]) is called multiplicativity. || -11(3(2) is called 2-rough norm. 

Definition 16 (geometric 2-rough path) T := (7, a) e C (A[o,t], V® [V, V]) 
is a geometric 2-rough path, if there exist {7„}„ C C^~'""-^ ([0, T] , V) such that 

lim ||r- (7„,^(7„))IIg<2) = 0. 

n— f 00 

One can verify that a geometric 2-rough path is a weak geometric 2-rough 
path. 

Thus, if (7, a) is a geometric 2-rough path, then 7 is of vanishing 2-variation 
(because of (O) and a is of vanishing 1-variation (because of ([6])). Suppose 
7 G (jo,2-var ([o,T] , V), then we say 7 can be enhanced into a geometric 2- 
rough path (or enhancible), if there exists a G C"'^""'"' (Ajq^t] , ["1^, "1^]) such 
that (7, a) is a geometric 2-rough path. 

Notation 17 I?enote ^2 (V) C C°'2-™'- ([Q, T] , V) as t/ie set of paths which 
admits an enhancement into a geometric 2-rough path. 

Q2 (V) is invariant under reparametrisation and contains, e.g. C^-'"'^'^ ([Q, T] , V). 
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2 Questions, answers and results 



Suppose and 72 are continuous paths on [0, T], consider the Riemann-Stiehjes 
integrals (whenever they exist): 

"(■5:*)=// '^7i(wi)<8)d72('^2),(s,i) e A[o,T] (8) 

*W = / l^{u)®d-i^{u),t^ [0,T]. 
Jo 

If 7^ is continuous and 72 of bounded variation, then a and i are of bounded 
variation, and 

ll"lll-t)arJO,T] ^ 11*11 l-tiar,[0,T] - ll^l lloo-Dar,[0,T] IIT2 II l-t,arJO,T] ' 

Young [5] demonstrated that, if 7]^ is of finite p- variation, 72 of finite g- variation, 
and •p> 1, q > 1, p^^ + q^^ > 1, then a and i are still well-defined, and (based 
on Thm 1.16 in [3]) 

ll'^ll(p-i+g-i)-i-i,arJO,T] - ^P.Q 1 1 7l 1 1 j,-i,ar, [0,T] II 72 1 1 g~i,ar, [0,T] ' (9) 
ll*llp-t)arJO,T] - ("^P,? + 1) ll7lllp-i,Qr,[0,T] II 72 II g-i,ar, [0,T] • 

(a is of finite (p^^ +9^^) ^-variation, (p^^ +9^^) ^ < 1; i is of finite q- 
variation, q > I, the same as 72.) However, the existence of integral is prob- 
lematic when p~^ + q~^ = 1. In the special case Ji = 72 := 7, the definition of 
J 7 (g) ^7 is problematic when 7 is of (vanishing) 2- variation. 

While according to rough path theory, if a vanishing 2-variation path 7 
can be enhanced into a geometric 2-rough path, then one can give meaning to 
differential equation driven by enhanced 7, and the solution exists and is unique 
under certain regularity assumptions on the vector field (see [3], 0], [I])- 

In this manuscript, we study the properties of the area operator and of 
^2(V), through several questions. (This manuscript is intended to be some 
notes about area and geometric 2-rough paths, and main results are as listed in 
the abstract.) 

Problem 18 Suppose V is a Banach spaces, and 7 £ (jo,2-var qq^ T] ,V). Does 
the Riemann-Stieltjes integration ^ ® d^y exist; if it exists, what is the regu- 
larity of path i I— )■ Jp* 7 (g) CZ7. 

In 2009, P. L. Lions [2] sketched a proof of the statement that: if and 
72 are of vanishing 2-variation, then ® ^72 can be defined through Rie- 
mann sums and is of vanishing 2-variation. His statement, however, is incorrect: 
first of all, the Riemann-Stieltjes integral may not exist (Example I38p : sec- 
ondly, (when restricted to continuous bounded variation paths equipped with 
2-variation) the pathi-^area operator is not bounded (even when area equipped 
with uniform norm). 
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In [T](pl94), the authors give an example of possible divergence of Riemann 
sums (w.r.t. finite partition D) as \D\ — >■ 0. Here we modify the example and 
get non-existence. 

For Riemann- Stieltjes integral J 7 dj, selecting different representative 
points only produces a negligible error when 7 g (jo,2~var qq^ j^j ^ yy Actually, 
suppose 7 is a path defined on [0,r] of vanishing 2-variation, and D = {tj} 
is a finite partition satisfying \D\ < 6. Then for any satisfying tj < 

Vj^^j < ^j+ii we have (assume < \\v\\): 



E (^j) - ^ fe)) ® (^j+i) - ^ 



j+ij 



Since {VjT^j}j can be treated as points in another finite partition whose mesh 
is less or equal 2i5, so 



lim sup 



D,|_D|<5 



E (^^O - ^ fe)) ® (7 (ij+i) - 7 fe)) 



< lim sup ^ ||7(<^.+i)-7(t,)f=0. 



However, problem may occur when one keeps on inserting partition points — the 
area generated by the added points could be infinite. In Example [38l we give a 
path/e C°'2-™'-([0,I],C): 



00 ^Tl-|-l~l -| 

/W = E E 7T7iexp(2^^(-I^22'=^), te[0,l] 



n—1 k—ln 



(10) 



where c> tt, c" < ^ k^^ < c" -f 1, Vn > 1, 



k=l„ 



which satisfies that, for any a G [— cx),cx)], there exists a sequence of finite 
partitions {-D^}„ of [0, 1] (x := Re/, y :— Im/), 

lim = but lim V x {tk)y {tk+i) - x (tk+i) y {tk) = a. (11) 
As a result, since the Riemann sum w.r.t. finite partition D is 



1 
2 



J E [/(^fc),/(ifc+l)] + j/(r)^'-^/(0)^': 
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which does not have a limit as |D| — > because of ((TT|), so the Riemann-Stieltjes 
integral /p f ® df does not exist. 

/ at ((ini) is in C"''^-'"^'' ([0, T] , C). Similar argument can be applied to 
fjo,2-var ([o,r] , V) whcn dim (V) > 2. Select ei, 63 G V, s.t. [61,62] ^ 0. With 
/ at (HH]), define / = (Re /) 61 + (Im /) 62. Then following similar reasoning, the 
Riemann-Stieltjes integral f ® df does not exist, and for any a S [—00,00], 
there exists a sequence of finite partitions {D'^}^ of [0, 1], s.t. 



hm [D^l = but lim 



E 



[f {tk),f{tk, 



(12) 



When dim(V) = 1, the Riemann-Stieltjes integral Jq jd'j does exist for any 
7 e C°'2-'«"- ([0,T] , V) and equals to 2"! (7^ (T) - 7^ (0)), because the vector 
field is commutative in one-dimensional case, so the Lie bracket vanishes. Thus, 
any one-dimensional vanishing 2- variation path is in Q2 (V), and 

G2 (V) ^ C'°'2-™'- ([0, T] , V) when dim (V) = 1. (13) 

Problem 19 When equipping C^^^""^ {[O^T] , V) with 2-variation norm, is the 
area operator continuous, or bounded? 

When dim (V) — 1, area vanishes, so the area operator is trivial. In that 
case it is continuous and bounded. When dim (V) > 2, as a consequence of 
possible non-existence of the Riemann-Stieltjes integral (HU, the area operator 
is not continuous nor bounded. 

Actually, suppose dim (V) > 2, 7 e C'°'2-^'"- ([0, T] , V), and the piecewise 
linear paths coincides with 7 on points in D (as defined at (HI). Then after direct 
computation, the Riemann sum of / '-f^^d'f w.r.t. D equals to A (j^) (0, T) plus 
a constant: 



E \hitk) + i{tk+i))®{i{tk+i)~iitk)) (14) 

= \ E [7(ife),7(ife+i)] + ^7^^m-i7^^(0) 

= A (7^) (0, T) + i (7 (T) + 7 (0)) ® (7 (T) - 7 (0)) . 

Thus, based on (fT2|) . there exists a path / : [0, 1] — > V of vanishing 2-variation, 
such that for any a e [—00,00], there exists a sequence of finite partitions 
{D^} of [0,1], satisfying lim™ ji^^j = but lim„^o, ||^ (0,1)|| = a. 

While converges to / in 2-variation when n tends to infinity (based on 
([51) ). Thus, the area operator is not continuous and not bounded, at least when 
area is equipped with uniform norm. Thus, there is No universal constant C, s.t. 
11^ (7)IL-™. < C ||7ll2-.a. for ah 7 e ([0, T] , V). Compare with Young 
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integral: for any p G [1,2), there exists Cp, s.t. for any 7 € C^"™'^ ([0,T] , V), 

P(7)ll|_™.<C^p||7llp-™. (i-e. ©). 

Moreover, by modifying our example, we get a sequence of continuous bounded 
variation paths (Example |4T] at d26p converging to zero in 2-variation, but 
their area diverge at any non-trivial point: (s,i) e Ajq.t]: s < t. There- 
fore, when equipping bounded variation paths with 2-variation, the area op- 
erator is not continuous nor bounded, even in the sense of at some single point. 
(The paths in Example HTl are in qq^ 1] ,C), but can be generalized to 

(jo,2-var qq^ ^ whenever dim(V) > 2.) 

Problem 20 When C^^^"*^ ([0, T] , V) is equipped with 2-variation norm, is 
the path-^area operator closable in p-variation? In other words, if {7„}„ and 
{lm}m '^'^^ sequence of paths in C'-'^""'"' ([0,r] , V) converging in 2-variation 
to the same limit, and {A (7„)}„ and {A (7m)}„j converge in p-variation respec- 
tively. Then is that true that {^(7„)}„ and {^(7m)},„ converge to the same 
limit ? 

When p > 1, not true. When p = 1, is true. (We assume dim(V) > 2, 
because area vanishes for one-dimensional paths.) 

For p > 1, an illustrative example is r„ (t) = (^^^,52^^, t e [0,27r], 
n > 1. r„ converges to in g- variation for any q > 2, but their area converge 
to i — s in p-variation for any p > 1: 

t / — „„.. — „„„\ sijiyjy / sin nu sinns\ ,cosnw smn(t~s) 
d = ^ ^ d ^ t-s ^ '-. 



and 



1 / ^ 

—p= exp (tut) 



q—var 



sin n{t — s) 



< 

p—var 



1 



Thus, (0, 0) and (0, t — s) are two geometric g-rough paths with the same first 
level path for any q e (2,3). (Geometric q-rough paths q G (2,3) are elements 
in the closure of {(7,^(7)) I7 e C'l-™'' ([0,r] , V)} under the metric 

d ((7i, ^ (7i)) , (72, ^ (72))) := (ll7i - 72ll^.a. + U (7i) - A (72)llL.„.) ' 

However, r„ are uniformly bounded in 2-variation, but do not converge in 2- 
1 _ i 

variation (||n^2 cos {nt) — {2n) ^ cos {2nt) \\2-var > 2, Vn). To construct our ex- 
ample, we add in a decay factor, sum finitely of them together to compensate the 
decaying effect ont — s, and end up with functions {gn}n C (7°'^"^"'' ([0, 1] , C) 
(Example Slat e|261) 



9n{t)=\^Y.\\ E TT:^exp(2^z22'=t),iG [0,1], (15) 
where ^ > 1, Vn > 1. 



k=l„ 
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We prove that gn converge in 2- variation to zero as n tends to infinity, but their 
area converge to t — s in p- variation, for any p > 1. 

For Banach space V, dini(V) > 2, select ei,e2 G V, s.t. [61,62] ^ 0. 
With gn defined at ([T5)l . define 17^ := {Kegn)ei + (Img„)e2. Then C 
(ji-var 1] ^ lijj^^^^ 115^112-™. = and 

lim 11^1(5;;) {s,t) - (t- s) [ei,62]||^ = for any p > 1. 



When p = 1, if (7,01) and (7, a2) are two geometric 2-rough paths, then 
ai — Q!2 '■— is additive thus a path. Moreover, based on ©, ai and a2 
are m C°'i-''"'' (A[o,T],[V,V]) of vanishing 1-variation, then if is of vanishing 

1- variation. While a path of vanishing 1-variation is constant, so ai = Q!2- 

For the same reason we have: the projection of a geometric n-rough path 
to its first n — 1 level elements is injective for any n G N, n > 2. While in 
Remark 9.13 (case ii b2) in 1 , the authors commented that the projection is 
not a injection without providing a proof. 

Problem 21 Is that true that every path in C'O^s-nar ([0,T] , V) admits an en- 
hancement into a (weak) geometric 2-rough path? (i.e. is the inclusion Q2 (V) C 
C°'2-™'-([0,r],V) strict?) 

When dim(V) = 1, Q2 (V) = C'^^^-^-r ([o,r] , V) (see ^). 

When dim (V) > 2, ^^2 (V) g c'0,2-i,ar qq^ T] , V), and an example is given in 
Thm 9.12 [1]. Actually, following the same reasoning as in Thm 9.12 [1], we use 
/ defined at ^ to prove that 02 (V) C c'0,2-™r qq, T] , V) when dim (V) > 2. 
Select 61, 62 G V, s.t. [61,62] ^ 0. With / at (fTOl .jienote / := (Re/) 61 -|- 
(Im/)62, so / G C"^2-™r(-[o,r],V). Assume that (/, a) is a weak geometric 

2- rough path. Then using multiplicativity of (/,«) (i.e. (O), for any finite 
partitions _D, we have 



E - [/(o),/(i) 



< 4||a|| 



< 00. 



= 2 



Then contradiction is established, if J^j t eD f i^j) ' / (^j+i) 
bounded for all finite partitions, which is true because of 
Then a natural question arises: 



are not uniformly 



Problem 22 What is the condition for vanishing 2-variation paths to be en- 
hancihle (i.e. in Q2{V))? 

We prove that: 

Theorem 23 Suppose 7 G C"^^"™'' ([0, T] , V). Then 7 G ^2 (V) if and only if 
A (7^) converges in 1-variation as \D\ — > 0. 
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The proof is given in page [321 

In Thm 8.22 [1], the authors proved that, when V = M'', if (7, a) is a geo- 
metric 2-rough path, then there exists a sequence of continuous bounded varia- 
tion paths {7„}„, s.t. (7„,^(7n)) converge to (7,0) in 2-rough norm \\-\\q12). 
However, their construction of {7„} depends on a (i.e. Chow-Rashevskii con- 
nectivity theorem), while not 7^ in general 

For any < s < t < T and any finite partition D oi[s,t], the Riemann sums 
of 2-1 [7 (u) - 7 (s) , d-f (u)] w.r.t. D C [s, t] is 

2"' E ^[7(ife)+7fe+i),7(ifc+i)-7fe)]-2-M7(s),7W] 

= 2-1 ^ [7(tfe),7(ifc+i)]-2-M7W,7W]- 

On the other hand, direct computation gives us 

fc,tfce-Dc[s,t] 

Thus, the Riemann-Stiehjes integral 2"^ [7 (u) — 7 (s) , dj (u)] is the point- 
wise limit of A (7^) as \D\ — > 0. Hence, if 7 is in Q2 (V), then A (7^) converge in 

1- variation (Theorem[23)). so converge pointwisely, to J* [7 (u) — 7 (s) , d'j (u)] 

Therefore, the Riemann-Stieltjes integral 2^^ [7 (u) — 7 (s) , (i7 (w)] is the 
only possible candidate to enhance 7: If the integral does not exist, or (7, 

2- 1 [7 (m) — 7 (s) , (u)]) is not a geometric 2-rough path, then 7 can not be 
enhanced into a geometric 2-rough path. 

While when p > 2, the convergence of A (/^) as \D\ — is not nec- 
essary to enhance a path in (7°'''-™'' ([0, T] , V). Our path / at (HU]) is in 
C°'2-'«"-([0,r],V) C C2-™r ([o,T] ,V) C np>2C°'P-™'' ([0,r],V). Based on 
[S] , finite p- variation paths can be enhanced into a geometric g- rough path for 
any q > p, so f can be enhanced into a geometric p-rough path for any p > 2. 
While sup£,^[o,i] ^ (•^^) (0' 1) bounded, so A (/^) do not converge in 

p- variation, for any p € [1, 00]. 

Similar to Theorem 1231 proved that: 

Theorem 24 Suppose 7 G (72-Dar ([o,r] , V). Then 7 can be enhanced into a 
weak geometric 2-rough path if and only if 

sup ||yl (7^) II < 00 and {A[j^)}jj are equicontinuous. 

The proof is given at page [HTl 
Problem 25 Is Q2 (V) a linear space? 
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G2 (V) is linear when dim (V) = 1; is not linear when dim (V) > 2. 

Based on p3)) we got at the end of Problem [181 when dim (V) — I, G2 (V) = 
(jo,2-var ^ y-j ^^ms a space. When dim (V) > 2, based on the reasoning in 

Problem [211 G2 (V) is not a space. 

The non-linearity of G2 (V) is inherited from the non-linearity of the area 
operator. 

Proposition 26 When dim (V) > 2, both 02 (V) and C"-^-""'' ([0, T] , V) /^2 (V) 

are dense in C!0,2-var ([0,r] , V) under 2-variation norm. 

Proof. 02 (V) is dense in C'O'^-^"'^ ([0, T] , V), because (based on ©) 

(^l-™r T] , V) C ^2 (V) C (70^2-™,- ^ ^. C'l-™rQO,^],V)^^™^ 

On the other hand, when dim (V) > 2, suppose 7 e C^-^-™'' ([0, T] , V). 
We want to find a non-enhancible path 7 in the 2-variation neighborhood of 7. 
Based on the definition of / at pU)) , define 

00 ^,1+1—1 

fN{t):=Y. E 7T7^exp(2^z(-l)"22^-t),te[0,l]. 

n=Ar fe=/„ '^^'^ 

Then (based on Lemma [37| below, which is used in the proof of the non- 

1 

enhancibility of /), supjv ||/jv|l2-„ar ■— C < 00. On the other hand, for 

each fixed N, supjj A((/Ar)^) (0, 1) = 00 (because sup^ \A (/^) (0, 1)| = 00 

and / — /tv is smooth). Select ei, 62 € V, s.t. [ei, 62] 0. For any e > 0, choose 

integer K, s.t. 2-2^ < T, ||7ll2-.ar.[o.2---] < e and (||ei|| + ||e2||) (CQl,) < e. 
Define g e CO^^-^r j^j ^ 

g (t) = (Re (/k+1 (t) - fK+i (1))) ei + (Im {/k+i (t) - (1))) 62, t G [0, 1] . 
Then 5 (1) = and 

Il.9ll2-t,ar,[0,l] - (Ik'lll + Ik'zll) ||/K+l|l2-™rJO,l] 

< {\\ei\\ + \\e2\\){CQi,)<e, 



Define 



sup ||A(.g^) (0,1)11 = sup A((/;^+i)^)(0,l) ||[ei,e2]|| =00. 

D D 



5(22(^+i)t)+7(55T^), t e [0, 25(KTTTJ 



7 (*) = -( linear, t e [^siim, 2^J 

7(0, tG[2ir,r] 

Then 7 is continuous and 

II7 - 7ll2-„ar < 2 ll7ll2-t,ar.[0.2-2'^] + II fll 2-^r, [0, 1] < ^e. 
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On the other hand, 



sup 

-DC[04] 



> sup 

l-var LIC[0,1] 



> sup 

DC[0 



22(K + 1) J 



A(7^)(0, 



1 



22(if+l)- 



= sup llACg-") (0,1)11 =00. 

DC[0S] 



Thus A(j^) do not converge m 1-variation as \D\ — > 0, and based on Theorem 
[23l 7 is not enhancible. ■ 

When 7 is a path of finite p- variation, p E [1,2), based on Young integral and 
Theorem [23l the enhancement of 7 to geometric 2-rough path exists uniquely in 
the form of Riemann-Stieltjes integral. Thus Ui<p<2C''-"'''' ([0, T] , V) C ^2 (V). 

Problem 27 Is the inclusion Ui<p<2C''""'''^ ([0,r] , V) C ^3 (V) strict? 

Yes, it is. When dim(V) = 1, 52 (V) = C^^^-t-ar ^jg, 1] , V) (based on (fT3|). 
Select e e V, e 7^ 0, and define /i (t) = cos^ (f ) / Int) e, i e [0, 1]. Then 

h e C^^^-^r T] , V) \ Ui<p<2 C'P-™'' ([0, T] , V) (Exer5.35LlJ. 

When dim(V) > 2, the inclusion is strict because Ui<p<2CP-^'''' ([0,T] , V) is a 
space, but O2 (V) is not (Problem [ 



Although Q2 is not a space, it can be shifted in any of the "Young" direction. 

Proposition 28 ^2 (V) + Ui<p<2CP-"'^'' ([0, T] , V) = ^2 (V). 

Suppose -fi e ^2 (V), then is of finite 2- variation. For any 72 of finite 
p-variation, p £ [1, 2), according to Young integral (i.e.®), ^(7^,7^') converge 
in (2^^ + P^^) -variation as \D\ — > (p < 2, so converge in 1-variation). 
Similarly, A{-f2 and ^(72^, 72*) converge in 1-variation as |D| 0. On the 
other hand, 7^ € G2 (V), so apply Theorem A{j^) := A (7^,7^) converge 
in 1-variation. Therefore ^((7^ +72)^) — J2i j=i 2 A {ji' ,jf) converge in 1- 
variation as \D\ — and Ji + 72 is enhancible (Theorem [23l) . 

In the way of exploring paths in Q2 (V), we get an extension to Young [B]. 

Theorem 29 Let Vi, i = 1,2, be two Banach spaces and 7,^ : [0,1] Vi he 
two continuous paths. If there exist p > 1, q > 1, p~^ + q^^ = 1, and two 
non- decreasing functions mi : [0, 1] — )■ M+, i — 1,2, satisfying 



such that 



lim TUi (t) = 0, mi (1) < 1, and 

t—>-0 



Il7i W-7i (s)ll 



^ mi (t) m2 (t) 



dt < 00, 



sup -.^CKoo, sup \\^^^'}~^^(')\\ 

o<s<t<i \t- sl" mi {t - s) o<s<t<i \t- si" m2 {t - s) 



:C2 <oo. 



(16) 
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Then the Riemann-Stieltjes integral J* Ji (t) (g) d'f2 {t), t £ [0, 1] exists, ana 
7i (t) ® (t) 



\\I{ll,l2)\\l-rar<ClC2[l5 + 8j^' 



-dt 



q—var \ >^ u ^ 

Theorem [29] is proved in page [30l 

Remark 30 When mi (x) — x°- , m2 {x) ~ x^ , a > 0, b > 0, we get Young 
integral 161. 

Remark 31 In the proof of Theorem \29\ we get an estimation of the iterated 
integral of and ^2 fPefinition l 1 2\) : 

''^ mi (i) m2 (t) 
T 

On the other hand, HHMlpiiUfj^t < oo is necessary in the sense of the 
following example. 

Example 32 Suppose mi : [0, 1] — > M+ are two non- decreasing functions, sat- 
isfying lim(_>.o mi {t) — 0, \mi\ < 1, i = 1, 2, and '»i(t)™2(t) _ Then for 
any p > 1, q > 1, p^^ + q^^ = 1, there exist two continuous real-valued paths 
7,:[0,1]^M, 1 = 1,2, s.t. 

l7iW-7i(g)l |72 ft) -72(^)1 
sup 1 < 00, sup J < oo, 

o<s<t<i |t - s|p mi {t - s) o<s<t<i |t - s| 9 m2 {t - s) 

but the Riemann-Stieltjes integral Ji (t) (t) does not exist. 
Proof of Example [32] is give in page (331 

As a consequence of refined Young integral, we have a sufficient condition 
for path to be in ^^2 (V). 

Theorem 33 Let 7 : [0, 1] — V be a continuous paths. If there exists a non- 
decreasing function m : [0, 1] — ^ M+ satisfying 

(t) 

lim m (t) ~ 0, m (1) < 1, and / dt < 00, 

t^Q Jo t 

such that 

_ Il7 ft) -7(^)11 , 

sup Y < CO- (17) 

o<s<t<i \t - s\'^ m {t ~ s) 

Then -fe 02 (V). 

Theorem [33] is proved in page [38] 

Remark 34 In Theorem \33\. by adding a log term and log-log term so on and 
so forth, one can get a sequence of nested spaces in Q2 (V). Because of inclusion, 
their union is still a space in Q2 (V). 

Remark 35 As a consequence of Examvle lSSl for any non- decreasing function 
m : [0, 1] M+, limt^o"^ (t) = 0, m (1) < 1 and ^^^-^ dt — 00, there exists 



7 : [0, 1] — > C satisfying (1171) but not in Q2 
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3 Proofs 



Recall A[o,i] = {{s,t) |0 < s < t < 1}. 

Lemma 36 For any p > I and any a > 0, there exists constant Ca^p > 0, such 
that for any integer m> 1, 

2^ u; - '-^".F 



fe=i 



TO" 



Proof. Fix p > 1. Denote b :— 2^(^ v) . Firstly, suppose c > is a constant, 
and Erii^""^'' ^ c(toi)"°6™i. Then 2^=^ ^""^'^ ^ c (mi + 
would hold provided: 



r77!f (toi + 1) (toi + 1) V / 

Then we choose C in this way: Fix constant Ci > ^^y, and let 

,a ™ ^fc 



:= Ci V max i ^ ^ ^, 1 < 777 < 
I fc=i 



.(Ci-l)-^^-^ 



The following lemma is in the form of Exercise 9.14 in [1], only that we give 
an uniform estimates. 

Lemma 37 Suppose V is a Banach space, ip^ : ^[o,i] ~> V, 77 > 1, and there 
exists constant M > s.t. 



||(p„ {s,t)\\ < M (1 A |< - s\)y{s,t) e A[o^i.],Vt7 > 1. 

For p € (l,oo), a G (0,oo) oTid integers 1 < Ni < N2 < 00, define 

N2 

r/7e7i 

— < Ca,p.M < 00; 



JV2 , 

5:;;f,^. i^: = E 7;::;aF (2''^, 22^=^) , t e [o, i] . 

9ni,N2 ^) 



(7) sup sup — 

i<Afi<W2<ooO<s<i<i \t-s\p (in — 

for any 5 G (0, 1) (recall ujp (7, S) defined at ^ ), we have 

(a) sup (g^fjv,^) < Ca,p,ji/ (in ^) 

l<Afi<Ar2<oo \ ' / V 0/ 



(18) 



(19) 
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and for any fixed Ni > 1, 



{in) sup 

iVi<Af2<oo 



9Ni,N2 



< 



Ca,p,AI 



(20) 



p-var,[OS] 

where Ca,p.M = (ln4)°2~pM ^8Ca,p + (^2p ~ 1^ ^ ^^th Ca,p from Lemma 



and C^M = ( (In4)-'^P + 2MP (l ~ 2-i) 



2 \ -P \ P 



Proof. For (dH]). Fix < s < t < 1. Denote n 
< A/(lA|t-s|), weget 



■4 F 



then use 



fc=n+l 



fc=l k=n+l ft- ^ 



Based on Lemma [Ml there exists Ca^p, s.t. for any m 
Ca,pm-«22(i-?)™. Thus (n > log4 7^ and ^ < 22" < j^), 



22(i-i)« 



Af 1 

2 2jr 
2p - 1 n°2 p 



< M 8Ca,p + 



2p - 1/ n°2~ 



< 



(ln4)"M 



2p 



2p - 1 



|< - s|p In 



s 



Since our estimates holds for any < s < t < 1 and any integers 1 < iVi < 
7V2 < 00, (HH) is done. 

Based on (fTS]) . for any 5 G (0, 1), and any finite partition D — {tj}, \D\ < 6, 
we have 



j,tj&D 



It holds for any D, \D\ < S, and any integers 1 < A^i < 7V2 < 00, so holds. 

Then we prove (PO)) . Fix iVi. Finite partitions whose mesh less then 2^^^^! 
is done in (IT9l): 



sup sup V g^r,Ar2 + 



P ^a,p.M 1 

- (ln4)"''iVfP- 



(21) 
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For finite partitions D = {tj} satisfying \D\ > 2"^^^, we denote Jni+ ■= 
{j \ \tj+i — tj \ > 2~^^i}. Since tliere can not be more tlian 2 x 2^^^ many 
subintervals in JjVi+ (and using |<p„ is,t)\ < M) 



2pM 



\k=Ni 



fc«2~ 



2I-W K"' 



The intervals in D wliicli are not in Jni+ can be treated as subintervals in 
another finite partition D' , \D'\ < 2~^^i, so using (|2ip to bound them, we get 



E hZNjtj^tj+i) ^ < E + E ^ 



tjeD 



'~^a.p,M 

(In 4) 



1 



ap 



2pM 



2i-l / N^' 



Our estimates hold for any finite partition D, and for any integer N2 > Ni, so 
(I20I) holds. ■ 



Example 38 Suppose c> t: is a constant, and {/„} is a sequence of increasing 
integers, satisfying 

c" < E r < c" + 1, Vn > 1. (22) 
// define / : [0, 1] ^ C as 

/W = E E 7T:^exp(27r*(-ir22'^t), t G [0, 1] . 

n=l fc=i„ 

r/ien / is 0/ vanishing 2-variation, and for any a G [—00,00], there exists a 
sequence of finite partition {-D^j} of [0, 1] satisfying (with x Re/, y :~ Im/J 

lim |D,"J = and lim V {x (ti) y (ti+i) - y (ti) x (ti+i)) = a. (23) 

n— ^00 n— foo — ^ 

The (—1)" ensure that the limit oscillates. If without (—1)" we only get 
divergence, while not non-existence. 

Proof. / of vanishing 2-variation follows from ([T9| in Lemma [37] (with a — ^, 
p — 2, M — 1, Ni — 1, N2 = 00). Suppose > 1 is an integer, denote 



(24) 



and(/,i^^):= V ^ V (tH ^ ■ (25) 



(=0 



We want to prove that for each a G [—00,00], there exists a sequence of finite 
partitions C {Dn}j^ , satisfying lim„_>oo (/, A^i) = «• 
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Denote 

Ck = (-1)" ,k = ln,..., ln+1 - 1, = 27r22*=-2^efe, k = h,...,N-l. 
Then 2Trek2'^Hi = Ic^ , and 

^ {tn y (tfi,) - y {tn - Ki) 

= [i:-^-s(2.e,2^^inj (e ^sin(2.e.2-t-0) 

g - (2.e,2^^*r) j (e ^ cos (2.e.2-t- O) 

fc 2 1 2 2''+^ 

k,j=h •' 
k=li 

h<k<j<N-l I^^J^'^ 

Sum I from to 2^^ - 1, 

22"-! 



k=l\ 



2 —\ 



Since 



E sin (/ (c- - cf ) + cf) = E (S" - + = 0' 



1=0 1=0 

so 



J-1 N-1 

: E (-1)^' + (-1)' E sin (2.2^'=--) . 



A;22fc- 
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where lj + l<N< Zj+i, and 



Using -1^? < sind < 9 when 9 G [O, f ] and condition ([2^ . we have, for any 
> 1, and any N > Ij+i, 

4 X c'' < sf < 27r X (c'' + l) . 

Thus using sf -sj^i > (4c- 27r) c^'-i-27r, we estimate Y.T=i ^'^Y *f • '^^'^n 
TO is even and to > 4, for any > Zm, 

?n — 1 

E(-i)'-f - - - ^:::-2) — (26) 

^^"^^(c™-c2)+7r(TO-2)-4c. 



< - 



c 

Similarly, when to is odd and to > 5, for any N > Im, 

m— 1 

E = K-i-€^2)+--- + {^^-s'^) (27) 

> ^^^(c™-c)-7r(TO-l); 
and when to is odd and to > 5, for any N > Im, the upper bound: 

m— 1 

J2{-iysf = 4-i-(^:^-2-4-3) (28) 

< 2^ X (c™-! + 1) - (c""' - c2) + ^ (to - 3) - 4c 

'2n ic- 2n \ „, , , 4c - 27r 



,c"+^(to-1) + ^ -c^-4c. 

c c (c^ — 1) / c^ — 1 

Since we assumed c > tt, so in (HSl) and (EH), > 0. On the other hand, 

since {f,Di^) = ("l)"* ■^j": so based on and (P7)) . we have 

lim {f,Di2^) = — oo and lim (f,Di^.-^) ~ +oo. 

Thus, if when a = +oo let 13° ;= Di^^^-^, when a = — oo let _D," := I3i2„, then 
when a = +oo or — oo, we have lim„_j.oo \D!^\ ~ 0, and lim„_-j.oo (/, D'^i) = a- 

Fix a e (— oo, oo). 

Firstly, we assumed c > tt, so 

27r 4c - 27r 27r 
c c (c^ — 1) c 
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For our fixed c > tt, choose integer Mc > 1, s.t. for any m > Mc, 

2ti 4c - 27r \ „ , , 4c - 27r o . ^ n r, 
c™ + TT (m - 1) + —c^ - 4c < 2c" 



c c (c^ — 1) / c^ — 1 

Thus, combined with (|28p. when m is odd and to > 5 V Mc, for any N > Im, '^e 
have 

m — 1 

5Z (-l)^^f ^ 2c"- (29) 
i=i 

Then for our fixed a G (— oo, oo), choose odd integer M (a) > 5 V Mc suclr that, 
for any odd integer m > M (a) , and any N >lm, we have 

m— 1 

5^(-ir sf >|a| + 10^, (30) 



which is possible because of ([27| . 

We prove that for any odd integer m > M {a), there exists Nm (a), < 
A^m (a) < ^m+l, s.t. 

\{f,DN^{a)) ~a\<—. 

Fix odd integer m> M (a). For any N > l„, (use c" < EISI"^ i-e. (P^ ). 

rn — l ^m+i — 1 

|a| + 107r< ^ (-l)^ sf <2c" <2 ^ fc^^. (31) 
Thus, when N = Im+i in (|5T|) . we have 

m — 1 ^TTi+i — 1 

<E(-i)'4'""-4 E 

J = l k=l„ 

< -2 E fc^i < - \a\ - IOtt . 
While in §1^ let N = Im, we have 

m— 1 

= E(-i)'*r>H+iO'^- (33) 

Combine ([32]) with ([33)) . if |(/, Djv) ~ (/i-Djv+i)! is uniformly small when Im < 
< Im+i - 1, then 3Njn (a), < A^i (a) < s.t. {f,DM^(a)) is in the 

neighborhood of a. 
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Actually, for any N > li + 1, 

\{f,DN+i)-{f,DN)\ 

1 /sin(27r22'=-2^) 



< 



JV-l 

E 

k=h 



^22fe-2(iV+l) 



sm 



For any 9 e [O, -l] , using sin (26') = 2 sin 9 cos 9, we have 



sin (461) 



sin 9 



Icos 61 cos 261 - 11 



< 



1 - 2sin2 - ) (1 - 2sin2 6l) - 1 



O 7 9 

< 14sin2 - < -0 . 



Thus let 9 = 27r22'=^2(Ar+i) j^^^^g 



4 

77' 



1 



22fc-2(Af+l) 



sin (27r2 



2k-2N\ 



3in (27r22fc-2(A^+i)) 



Thus, when /,„ < N < Im+i — 1, 



N-l 



\{f,DN+i)'{f,DN)\<28n^J2 



< 287r-^ 



1 



1 



22(Af + l)-2fe 



fc=ii 



if 



4 



(34) 



While one can prove that for any to > 2, 2_/fc=i TT — ~m' using mathemat- 
ical induction, so for any N > li + 1, 



y- 



k=h 



1 



J. \ 22(JV+l)-2fe 



< V — < 

fc=l 



167V 



(35) 



Then, combined with ([55]) . we get when < N < Im+i — 1, 



7 



1 207r 



Thus, combined with ([5^ and ([551). there exists integer A^^ (f^), Im < -^m (f^) < 

1/^ n \ I lO'^ 

\{j,DN^(a}) - a| < — • 

Moreover, since (/, A„) > \a\ + IQn > \a\ + {f,Di^^^,) < - |a| - IOtt < 
- \a\ - so Im < (a) < l^+i. 

Therefore, if let D'^ :— Dj^^^(^a^, m > 1, then is a sequence of 

finite partitions, whose mesh tends to zero, but the limit of the corresponding 
Riemann sum is a. ■ 

Next, we demonstrate that when the space of smooth paths is equipped with 
2-variation, the area operator is unbounded, and non-closable when the area is 
equipped with p- variation, p > 1. 
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Lemma 39 Suppose is a sequence of strictly increasing integers. Then 



lim 



k=l„ 



= for any p > 1. 



p—var,[0,l] 



Proof. We do estimation for fixed p > 1 and fixed sufficiently large n. 

For integer m > /„, denote 7„ := (2-2p(™+i)^ 2-2p™], and denote := 
(2~2p'", 1]. Suppose D = {tj} is a finite partition satisfying that {\tj+i — tj\}. C 
Uf=i/mi U //„+ with niini<i<s rrii > /„. Denote J™, := {j\tj+i - tj e /^J and 
J;^+ := {j\tj+i — tj S -?(„+}• We assume that Jrm is not empty for each i. For 
J;„+, since we can not have more than 2^^'"+^ Y^j j^ji _,_ ~ *j) intervals in 



< 



(36) 



3< 



Then we do estimation for fixed i, i = 1, 2, . . . , s. Suppose f^+i — G 1^^, then 



E ^sin(27r22'=(f,+i-i,)) 



fe=i. 



< 



< 2f^M (27r(l+lnTOi))P 



22p2 



1 



3PTO?22j"»i 



Since there can not be more than 2 x 2^p('"'+^) jej^ fe+i ~ ^j) many in- 
tervals whose length fail into the category . , so 



E E fc^s-(2'^22'(*.+i-^i)) 



(37) 

22p(„^. + l) + l ^ (i, + i-t,) 



Since {Z„} are strictly increasing integers, so lim„_j.oo In = +oo. Thus, for our 
fixed p > 1, there exists N (p) > 1, s.t. for any n > N (p) and any mj > Z„, we 
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have 



(l + lnm,)^ 1 

22p(p-l)m, - 



Therefore, for any fixed finite partition D = {tj} of [0, 1], when n > N (p), we 



have (using ^ and J2t=i T,jeJ,^^ - ^i) + T.je.h^+ 
mini<j<s mi > In) 



i+1 ^ '•J 



< 2^^ 



22p+l 



Hence, for any fixed p > 1, there exists integer N (p), s.t. for any n > N (p), 

p 



p—Dar, [0,1] 



Proof finishes. ■ 

Lemma 40 Suppose {^n}„ is a sequence of strictly increasing integers. Define 



91 



W= E 7irexp(27r*22'=i),tG [0,f]. 



r/ien hm„^oo ll5n|l2-t,Qr = ^' /"'^ ""2/ P > 1; 



hm 

n— f oo 



E 



p— I'ar, [0,1] 



Proof. Since trigonometric functions are Lipschitz and bounded, so according 
to dSni) hi Lemma [37] with p = 2, hm„^oo ll3nll2-t;ar,[o,i] = ^■ 

According to the definition of area, if denote a:„ := Kegn, Vn '■— Inig„, and 

Pn (s, t) : = Xn (u) dy„ (u) - y„ (u) dxn {u) , 



we have 



qn{s,t) : ^ yn (s) Xn (t) - Xn (s) yn (t) , 
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Firstly, for p„ {s,t), 

Pn{s,t) = 2tt J \ ^ cos (27r22*tt) j I ^ — cos (27r22%) 



+ ( V ^ sin (21^2^^ u) I ( V ^ sin (2772^^) | du 



= 27r V / cos (27r22'M) cos (2772^%) + sin (27r22-'u) sin {2'k2'^^u) du 



k=ln "J ln<i<j<ln + l-l ^'^^^ '^3' 

1 

Oi,j (s, t) , 



V k=ln I ln<i<j<l„ + l-l ' 



where 



- (2- (2'^' - - (27r {2^^ - 2^^) s)) 



While, for g„ (s, t). 



g„ (s, = y„ (s) X„ (t) - Xn (s) Un (t) 

"y ^sin(27r22*s) I f V J- cos (27r22^t) 
' E" i (2-2".) I I e" 4- sin (27r2^^0 



= E TrT4^-n(2.(2-.-2^^0) 



where 

gij (s, t) = sin (27r {2^'s - 2^H)) + sin (27r (22^s - 22^t)) . 
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Thus 



k=l„ 



1 



^ i2J2 2'+-J 



fc=i„ i„<i<j<i„ + i 

tends to infinity in p- variation for any p > 1 , so we are left with 

1 



Based on Lemma |39l Yl^k=i ^ ^ ^'^ (27r2^'^ {t — s)) converge to as 



Y] -^-T—— iPi,j (s> t) + Qi.j (s, t)) . 

1 ^ 1 «2 7 2 2'+J 



While 



P»j (s,*) 



- 2- ; (''^ - ^) - - 

+ sin (27r (22\s - 22^t)) + sin (27r (22^3 - 2^^)) 

(Bin (2vr (2^^ - 2^) t) - sin (2. (2^^ - 2^) .)) 
+ (sin (2^ (22J - 2^') + sin (2^ {i}'s ~ 2^H))) + (sin (27r (22^"s ~ 22*i)) - sin (27r (2^^' - 22») s)) 



2i 



2x2' 
22J - 22* 



(sin (27r (2^^ - 2^^^) t) - sin (27r (2^^ - 22») s)) 



2cos 27r 22^<-2 



l2i 



sin 27r2^ 



-2cos 27r 2^^5-2 



sin 27r22 



/ 4 X 22 



I 22j _ 22^ 



cos (^27r (2^^ - 22') sin (^2^ (2^^ - 2^ 



t - s 



-4 cos y2TT y{2^' - 2^' 
4 cos (27r ( (2^^ - 2 



t + s 
' 2 

t + s 



27r22^' 



i - s 



sin 27r2-^ 



:t — S 



22j _ 22i 



sin ( 2tt (2^^ - 2^ 



i - s 



2t:2^^ 



t- s 



sin 27r2 



2i 



t- S 



Therefore, 



\p^,J {s,t)+qij {s,t)\ 



(38) 



< 4 



/ 22i+2i 

l^22J - 22' 



sm 



(27r22j*:^) 



22J 



cos 27r2 



■)2i ' 



t~s\ sin(27r2 



2i t~s\ 
2 ) 



22i 



2t:2^^ 



t - s 
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While, since for any 0, and any integer n > 1, 



so, when j > i, 



sin/ncos(2'=^)=^ 



22J 



22* 



k=2i 



Thus when 6* = tt (t — s), continue with ([55)1 . we have 
b»j (s,^) (s,i)| 



< 4 



= 4 



< 4 



I 22J - 22' 



sin(27r22Ji:^) 



22J 

3in(27r22*i^) 



cos 27r2 



i2i ' 



t-s\ sin(27r22*i^ 



22i 



^ cos 27r22J 



t - s 



22i 



cos 27r2^ 



n cos 27r2 



/ 22»+2j ^^ |sin(27r22*^=^' 
I 22J - 22* 



22i 



„ 32 



sin 27r2 



k=2i 
t~S 



i.t- S 



cos 



( 2^2^^ 



t-s 



2i ' 



Therefore, for any p £ (1,2), 

E 



< 



< 



^ ^ J^2^ *^2' 



22j 4 
( 22j„22' - 3 ^ ^ 



(39) 



1,1 



sin 27r2^ 



32'"^'^ 1 1 



i52p* 



sin 27r2-^ 



:t-S 



While since |sin (t — s)| < 1 A |t — s|, based on pO| in Lemma l37l for any p > 1, 
there exists a constant Ci ^ j^, s.t. for any Z„ and any j > In, we have. 



1 

E 1717 

Z2 2p 



sin 27r2-^ 



:t ~ S 



< 



Therefore, for any p G (1,2), since 



i p—var 



p—var 

is a norm, combined with (j39p . 



E 



1 



< 



< 



32 



/ti<2<J/</ti+1— 1 



sin 27r2 



2i 



p—var 
t-S 



3^1 j^2^(i-i)^- " 3(2^(i-i) - 1) /„22(i"^)''^ 



< 



32C^ip,i 1 



— ^ as n — ?> cx). 
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Thus, for any p > 1 (since p-variation is non-increasing, so if converge in p- 
variation, p € (1,2), then converge in p- variation, p > 1) 



Uni 

n— f cxD 



A{gn){s,t)~ 



= 0. 



p—var 



Example 41 Suppose {/„} is a sequence of increasing integers, satisfying that 
for any ri > 1, X^L"^/ ^ ^ Define 



^"W= E 7^7 exp (2^i22'=t) , t e [0, 1] , 



(40) 



r/ienhm„^oo ll/n|l2-«Qr,[o,i] ^ ^' but for any Q <s<t<l, Uni„^oo ^ (/n) (s,t) 
+00. 



Proof. FoUows from Lemma HOI 

hm A(/„)(s,t)- E ^) (i 



0, for any p > 1. 



p—var 



As a clear consequence of this example, when the space of smooth paths is 
equipped with 2-variation, the area operator is not continuous, nor bounded. 

Example 42 Suppose {/„} is a sequence of increasing integers, satisfying that 
for any n>l, X]fe^/ ^ — 1- Define 



5" (^) = - E fc E ^ (2-2^'*) ^ i e [0,1] . 

Then lim„^oo ll5n|l2-i,Qr,[o,i] = ^> and for any p> 1, 

\im^ II A (g„) (s, t)-it- s)||p_,,,_[o_i] = 0. 

Proof. Follows from Lemma HOI ■ 

The convergence of A (gn) to t — s can not hold in 1-variation, because /i„ is 
a sequence of smooth paths, so the limit of A (gn) in 1-variation is of vanishing 
1-variation, while t — s is not. Actually, since g„ converge to zero in 2-variation, 
so if A (gn) converge in 1-variation then should converge to (closable when 
area equipped with 1-variation) . 

Example |42] demonstrates that when the space of smooth paths is equipped 
with 2-variation and their area with p- variation, p > 1, the area operator is not 
closable. 
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Next, we extend Young integral [5] to the case + = 1 by assigning a 
finer scale continuity (e.g. logarithmic). Before that, we prove a lemma. Recall 
definition of a; j, (7, (5) at 

Lemma 43 Suppose 7^ e C?'-™'' ([0, 1] , V), 72 G C"?-™'' ([0, 1] , V), p-^ + 
q^^ = 1. Di = {tfcjj, and D2 = are two finite partitions of [0,1], and 

D2 is a refinement of Di, i.e. for any k, there exist integers Uk < Uk+i, s.t. 
tk = Sjik < Snfc+i < ■ ■ • < s„fc+i = tk+1. Then if denote 1° := / (7f ,7^ ) (see 
definition at (|12p j and suppose \Di\ < S, we have 



tDx tD-2 I 



\l-var,[0,l] 



< VII/^HI +VII/^ni 

— I' \\l-var,[tk,tk+i] /_/ II 111- 



var,[tk,tk + i] 



+2ujp (7i,(5) II72II 

— var. [0,1] + 2w? (72, (5) hill 

p— var, [0,1] 



{1?' (u) - 7f ^ (^)) ® d7f ^ (u) ~ (7?^ (^) - 7f ^ («)) ® rf7f ^ (^) 
(A71 (w) - A71 (s)) d7f ^ (7.) + / (7f ^ (7.) - 7f ^ (s)) ® d A72 (u) 



Proof. Denote A7, := 7fi - 7f", i = 1,2, denote A/ := I^^ - For any 

{s,t) £ A[o^T], 



A/(s,i) 



= :/(A7i,7fi) (s,t)+/(7f%A72) (s,i). 
Suppose < s < tki < tk2 <t< tfca+ii then 

/(A7i,72^^) {s,t) = /(A7i,7f^) (s,tfeJ+/(A7i,7f^) (t^, , i^J + / (A71, 7^^) (t 

+ (A71 (tk,) - A71 (s)) ® (7f ^ (i) - 7f ^ (ifcj) 
+ (A71 (tfej - A71 {tkj) ® (7?^ (t) - 7?^ (^fcj) • 

where the last term vanishes, because A^i(tk-^) = A7]^ (t^^). Similar result 
holds for 7(72, A7) (s,t): 

I (7?^ , A72) {s, t) ^ I (7f ^ , A72) (s, tfe J + / (7?^ , A72) {tk, ,tk2) + I (7?^ , A72) {t 

+ {1?' (ifeJ - 1?' (s)) ® (A72 (t) - A72 (ifcJ) • 

Thus (since A/ = /(A7,7i) +/(72, A7), ||u(g)w|| < ||u|| ||u||) 

||A/(s,t)|| < ||A/(s,tfcJ|| + ||A/(tfe,,tfcJ|| + ||A/(ife,,<)|| (41) 
+ ||A7i(tfcJ-A7i(s)|| l?Ht) - 1?' {tkj 



+ 



7fMifeJ-7fMs) ||A72(i)-A72(ifc, 



D2 
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For A/ (tfcj^ , tfej), by using multiplicativity and (tk) = 0,Vfc, i — 1,2, we get 



k2-l 



j=ki 



(42) 



Thus, combine (PT|) with we decompose [s,i] into the union of three kinds 
of subintervals: [s,tfej, [tj,tj^i] and [tk2,t\, and each of them is a subinterval 
of some [tk,tk+i]- Thus, for any finite partition, applying our estimates to 
each subinterval, summing them together, and taking supremum over all finite 
partitions. By using Holder inequality, we get 



k 



72 



q—var,[0,l] 



(43) 



E 11^^211 



q-var,[tk,tk + i] 



7f^ 



p—Dar, [0,1] 



On the other hand, when i = 1,2, 



sup 1 1 7. 

D 



* Hp— Dar, [0,1] 



< II7J 



p—var, [0,1] 



and since := 7, 



Di 02 



A7 



i\\p-var,[tk ,tk+i] 



< 



Di 



p-var,[tk,tk + i] 
— 2 \\li\\p-yar,[tk,t^^i] ■ 



p~var,[tk,tk+i] 



(44) 



(45) 



Therefore, combine (03]), dH]) with (|45l) . 



l|A/|li_ 



■I'ar, [0,1] 



< Eii^^iii-™.,[*.,.,.]+2 Ehiii^. 



var,ltk,tk + i] 



II72II 



g—var, [0,1] 



-2 Eii^2ii™[t..t. 



Il7il 



I/-D2 1 



p—var, [0,1] 



^^^^^ \\^^h-var..[tt:.tk+i] - \\l~var,[tk,tk + i] ' II" 1 1 l-t,ar, [tfe ,tfc+i] 

6, recall definition of ojp (7,(5) at ([2]), proof finishes. ■ 

The following lemma will be used in the proof of Theorem [29l 



and < 



Lemma 44 Suppose 7^ : [0,T] — >■ V, i ~ 1,2, are two continuous piecewise 
linear paths obtained by interpolating on the same finite partition of [0, T]. Then 



28 



for any p > 1, q > 1, p ^ + q ^ = 1; there exists finite partition D ~ {tk} of 
[0,T], \D\ < s.t. 

-var,[0,T] — +2|l7iL — uar, [0,T] ' 

If are linear on [0,T] then 

ll^(7i,72)lli <ll7ilL II72IL 

Proof. Denote / := ^(71,72) f^nd denote D' = {ijlJ^Q as the finite partition 
on which 7,, i = 1,2, are interpolated. 

When n = 1, {tj}"^^ = {0,r}, then 7^ are linear on [0,r], i = 1,2. After 
computation, one gets (assume < ||u|| 

ll^lli-.a.,[o,T] = ll(7i(r)-7i(0))®(72(r)-72(0))ll (46) 
< ll7i(r)-7i(0)||||72(T)-72(0)|| 

^ l!7ll!p_„Qr,[0,T] Il72llq 

When n > 2, denote tj^ minj {tj\tj < 

If = 0, then ji = 0, and tj^+i ^ ti > Thus 

II "l—var,[0,T] -~var,[ti .T] 

+ Il7ill II72IL 

Use (Hi) for ||J||i_^[o.t.]. 

l-var,lO,T] l-var,[ti,T] + Il7ill II72IL 

+ II71II p— liar, [0,ti] II72IL — var,[ti,T] ■ 
- 11-^11 l—uar,[ti,T] + 2" ll7lllp_t,ar,[0,T] II 72 II g-t,ar, [0,T] • 

Since T - ti < 2~'^T, lemma holds. 
If > 0, then 

11-* II l-var,[0,T] 

+ Il7ill II72IL 
Then if tji+i = T, 7^ are linear on [tj^ , T], i = 1, 2, so similar as above, 

ll-^lll-Dar,[0,T] — 11-^11 l-i;ar,[0,tjj] 1 1 7l 1 1 p-«ar, [0,T] Il72 llg-t;ar,[0,T] • 

Since tj^ < 2^^T, lemma holds. 

If tj^+i < T, then < tj^ < 2-^T < t^^+i < T, continue with (Ii7| . 

+ Il7lllp_t,ar,[0,tjj] Il72llg-t,ar,[tj^,tjj + i]. 
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While 7j are linear on [tj^,tj^+i], so 

Thus, combine (j47l) . (|48)) with (|49)) . using Holder inequality, we get 

II II 1 — Dar,[0,T] < ll^lll + l|/|li — var, ^tj^j^i ,t1 

+2 hill p—var,[0,T] II72IL — var,[0,T]. 

Since t^-j < 2~^T and ij^+i > 2^^T, so lemma holds. Proof finishes. ■ 

Theorem [29] Lei 7^ : [0, 1] — Vi, i = 1, 2, 6e two continuous paths. If there exist 
p > 1, q > 1, p~^ + q~^ = 1, and two non- decreasing functions rui : [0, f] — > M+, 
i = 1, 2, satisfying 

lim m, {t) = 0, m, (1) < 1, f = 1, 2, and / dt < 00. 

t-iO Jq t 

such that 

r . ... 11^1 W-^l Wll r ■ .nn 11^2 W-72 (^)ll ^ _ 

Oi := sup J < 00, C2 ■= sup J < CXI. 

0<s<t<l \t- s\p TOi {t - s) 0<s<t<l \t - s|i 7712 (t - s) 

Then the Riemann-Stieltjes integral Ji (t) (g) (t), t £ [0, f], exists, and 



7i (t) ® rf72 (i) 







<8C,c,{2+ I'n^ii^hMtldt 



q—var 



Proof. Recall the definition of / (7f ,7^ ) at dH]): 

I (7?, 7?) (s, = (7f N - 7f (s)) ® d7? («) , < s < t < 1. 



Denote := L^7f%72''j, i — f,2. Firstly, we prove that converge in 
1- variation as \D\ — > 0. 

Since rrii are non-decreasing, so (wp defined at ([2])) 

(7i, ^) < Cimi (<5) , c^, (72, 5) < C2m2 (<5) ; (50) 
since \mi\ < 1 so hi llp-„ar.[o,T] < C'l, ll72llg-™r,[o.T] < C'a- 

Based on Lemma 1151 for any finite partition Di C D2 C [0, f], if |Di| < 6 then 

||/^i-/^^|l (51) 



< TII/^HI +T 11/^=^11 

— .il^ II \\l-var,[tk,tk+i] W \\l-var,ltk,tk+i] 

k k 

+2wp (7i, (5) ||72llq_™r,[o,i] + ^'^'^ ("^s. -5) ll7illp_™.,,[o,i] ■ 
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Combined with we get 

+ 2^, (72,^) hill p—var, [0,1] 

(52) 

< 2C1C2 (mi (^) + m2 (S)) 

11^''' lll-.ar,[t.,U,+i] ^ hi - 7l (*fc)ll h2 - 72 (ife)ll 

— Il7lllp_„ar,[tfc,tfe+i] h2ll<j-«ar,[tfc,tfc + i] ' 

Therefore, using Holder inequahty, 

yii^'^ii , 1 (53) 

k 

- hlllp_i,arjt,,tk + i]^ h2llg-i,Qr,[t^,tfc + i]^ 

< mp (7i, 5) (72, ^) < C1C2TO1 ((5) TO2 i^) ■ 

For Efr P^'lli r, , Applying Lemma m to 1 1 1 L , , 

II \ll-var,[tk,tk + i] -^-^ " II lll-i;ar,[tfc,tfc+i] 

then there exists a finite partition D'^^^ ~ {u^} ., [^^^•'I ^ 2^^(5, s.t. 



k 



var,[tk,th-\ri] 



- X! Il'^"°''lll-i>ar,[«i «i J hlllp-t)ar,[tfc,tfc + i] 11^2 1 1 g-i,Qr, [t^ ,tfc+i] 



^ H ll^^il-t,ar,[«i.«i J +2 Xlll^lllp-™r,[tj,,tfc+i] ) X^H'^zl 

j,u]£DW \ k / \ k 

Continue the process: applying Lemma|44]to II /^^ I L r i i i , Vj, then there 
exists a finite partition ZJ^^) ^ |y2|^ |^(2)| < 3-2^^ g.t. 



9 

g-t)ar,[tfc,tfc+i] 



y ll/^HL ri 1 i< y lU^i, [2 2 ^+2C\C2m, ( -] mJ - 

II Ill-i,ar4«i,u]^ij - /.^ II lll-«ar,[«2^«2^J V2/ V2 

So on and so forth, and we get (for fixed D2 , I^^ is of vanishing 1-variation) 
E ll^"1r-...,...., < ^C,C2±rn, (A) (A) . (54) 
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Since mi and m2 are non-decreasing, so when n > 1, 

- (f) - (f) ^ (f) " /f' - « - <« ^' ^ ^ 

Tl™ £ (f) (f) S m, (*) + 2 "■''"^""'" dt 

Combined with ([M]) . 

Ell^"1i-...[u.,u,,^2CiC. (mi Wm.(^)+2^'l^^ll^rf.) . (55) 
Therefore, combine ([51]), ([52]), dSS]) with ([551), we get 

lljCi _ jnall 

II II 1 — var 

< C1C2 (^2 (mi (6) + 1112 (<5)) + 3toi {5) (<5) + 4 ^1 (0^2 (0 ^^^ ^ 

In the above we assume I?2 C D\. For two general finite partitions D and 
D', \D\ V |D'| < (5, denote Z?" := £> U £>', apply our estimates to D, D" and D', 
D", we get 



1 — uar 

■5 



< 2C7iC2 I 2 (mi ((5) + (<5)) + 3mi (<5) (<5) + 4 / Ulli^hl^l^dt 



Because we assumed that limt_j.o m^ (t) = and ™i (*)™2 (t) < 00, so the 
Riemann-Stieltjes integral (71,72) exists, ^(7^,72') converge in 1-variation 
to / (71,72) as \D\ -J> 0, and (|mj| < 1, j = 1, 2) 

sup ||/ (71, 7.) - / (7? , 7?) IL_ < 2C1C2 (7 + 4 
Moreover, if denote finite partition Dq := {0, 1} then 



/^ii_„„. < II (7i (1) - 7i (0)) ® (72 (1) - 72 (0))|| < CiQ 



2- 



Thus, ||/(7i,72)lli-.a.<gig2(l5 + 8^' ^'^P'^'h ^l (56) 
Then we work out ||/o7i (u) (x) d-y^ (")|L_™r 11-^ (7i, 72)11 i-^r- Since 



Hli,l2)is,t) ■■ =y (7i (w) - 7i (s)) c^72 (") 

7i (u) ® d72 (u) - 7i (s) ® (72 (^) - 72 (s)) 
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Therefore, if define function /3 : Ap.i] — > Vi (g) V2 by setting 

:=7i (s)0(72 (t)-72 (s)), V(s,t) G A[o,i]. 

Then 

WPWq^^ar < ll7llloo-™r Il72llg-t,ar < C'iC2. 

Thus, combined with we get 



7i (u) ® ^72 ("y 



< ll-f (7l,72)lll-™r + II 



I q—var 



< 8C1C2 2 



mi (t) TO2 (t) 



t 



dt . 



Proof finishes. ■ 

When mi it) = i", m2 (<) = i*", a > 0, > 0, we get Young integral. 

The condition "ii(t)m2(t) < 00 is necessary in the sense of following 
example. 

Example 1321 Suppose rrii : [0, 1] — > M+ are two non- decreasing functions, 
satisfying limt_^o tth (t) = 0, \mi\ < 1, i = 1, 2, and jj^ "n(t)™2(t) _ T/ien 
/or any p > 1, q > 1, p^^ + q^^ — 1, there exist two continuous real-valued 
paths 7j : [0, 1] ^ M, i = 1, 2, s.t. 



Ci := sup 



l7i (t)-7i is)\ 



< 00, C2 



o<s<t<i \t- s]" mi (t - s) 



\l2 W-72 Wl ^ 

sup J < 00, 



o<s<t<i \t- s]" m2 (t - s) 



6tif t/ie Riemann-Stieltjes integral J^^ Ji (t) d'^2 (0 does not exist. 
Proof. Let gfc = 1 or — 1, Vfc, and define 

7iW = ^ ' cos (2^2^fet) , t € [0, 1] , 

fc=i 2 p 

72 W = ^^^^ ^ in (2^2^^^ , t £ [0, 1] 



(57) 



k=l 



2- 



Then 7^ satisfy ([57)) . Take 71 as an example. For < s < t < 1, let n 
log4 ^ 



-4 |t_,| 



we have 
l7i (t)-7i(s)| 



(58) 



< 2^(^mi(2-2'=)22(i-f)M |i-,s| + 2 X] 



mi (2-2fe) 



fc=n+l 



2~ 
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Since lim,^o ^ = 1 (/o ^dt > J^' IIllii}pWdt = oo so lim, 
oo), so using L'Hospital's rule, 

mi (2-2") 2^(1-1)" 



lim 



lim 



mi (2-2») 22(i-i)" - mi (2-2("-i)) 22(i-f)("-i) 
mi (2-2")22(i-i)" 



, mi m 22(1-5) -mi (4t) 22(1-?) -1 

= 1™ 7 — n = 7 — — ■ 

mi(i)22(i-i) 22(1-^) 

Therefore, there exists constant Ci, s.t. for any n > 1, 

n 

5^ mi (2-2fe) 22(1-^)''^ < Cimi (2-2«) 22(1-^)'^ 



fc=i 



Continue with (I58p . since mi is non-decreasing (n = 

\t~s\< 2-2(»-i)) 



lot 



4 t- 



SO 2- 



< 



l7i(0-7i(s)| < 2^Cimi(2-2")22(i-i)"|i-s| + ^ mi (2-2») 2-1" 

2p — 1 



< 



SttCi 



2p - 1 



|f — s| " mi (t — s) 



Then we prove the Riemann-Stieltjes integral 71 (t) (^72 (t) does not exist. 
First, the limit of Riemann sum as \D\ does not depend on the selec- 
tion of representative points, because 71 G (70. p-"'"'^ G (jo.q-var _ Actually, 
since 7,; satisfy (|57|) and mi are non-decreasing, so ujp (71, 5) < Ciuii (5) and 
■^9 (72j'5) — (<5)- Suppose D = {tk} is a finite partition of [0, 1], then the 

error occurred to the Riemann sum of 7^ (t) (0 w.r.t. D from selecting 
different representative points is bounded by 



< (^ElTi(ifc+i)-7i(ifc)rj (^El72(ife+i)-72(Mrj 

< CiC2mi(|i?|)m2(|i?|), 

which tends to zero as \D\ — > 0. On the other hand, since 

E \ (7i i'^k+i) + 7i (ife)) (72 i^k+i) - 72 (ife)) 

k, 

= J E (7i (*fe) 72 itk+i) - 72 (ifc) 7i (ifc+i)) + ^7i (1) 72 (1) " ^71 (0) 72 (0) : 
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so the existence of Riemann-Stieltjes integral 7^ (i) (t) is equivalent to 
the existence of 

lim V (7i(ifc)72(*fc+i)-72(^fc)7i(ifc+i)). 

LD-i-O '^-^ 
' ' k,tkeD 

Similar as the estimates in Example 1381 if denote finite partition D2N = {^i^} 
where if" := 12'^^, 1 = 0,1,..., 2^^, we get 



2^"-l 

71^72, D,^ := (71 72 K,) - 72 (tf) 7i (tf+i)) 

-Z^^fc ^2i-2N sm(2^2 ). 

fc=i 



(59) 



While since are non-decreasing, so for any fc > 1 

/2-2(fo + l 

so based on our assumption ™i(*)™2(t) = 00, we have 



3 jn-2ik + l) t 



Y^mi (2-2'=) m2 (2-2'=) =00. 



fe=i 



Thus, since rrii are non-decreasing and limt_>.o mi (<) = 0, so using exactly the 
same estimates as in Example 1381 for sequence of strictly increasing integers 
{ln\ satisfying for some c > tt 

i„+i-i 

c" < ^ mi (2-2'=) m2 (2-2*^) < c" -f 1, Vn > 1, 

we let Efe = (^1)" 5 when In < k < In+i — 1. 

Then, for any a E [—00,00], there exists a finite partition C {D2N} jy, 

lim„^oo \D^\ = 0, but lim„^oo (/ 71^73, = a. ■ 

Next, we want to prove that a vanishing 2-variation path 7 can be enhanced 
into a geometric 2-rough path, if and only if A {'J^) (the areas of piecewisely 
linear approximation) converge in 1-variation as \D\ — > 0. 

Lemma 45 Suppose 7 G C'0,2-«ar ([o,T] , V). Di = {t^}^ and D2 = {sj}- are 
two finite partitions of [0, T], and D2 is a refinement of Di, i.e. for any k, there 
exist integers < n^+i, s.t. t^ = s^^ < s^^+i < ■ ■ < s^^+i = tk+i- Then if 
\Di \ < 5, we have 

\\A (7^0 - A (7^^) |L_ < E 11^ (7^^) lli-...[*.,*.,.]+4 ll7ll2-.a..[o.Ti -2 (7, 5) 
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Proof. Almost the same as that of Lemma 33] when p = g = 2, by using 

\\[u,v]\\ < 2\\u\\\\v\\. Ek\\^'''\\i-.ar,lt„t,+,] = ^ ^ecause is Unear on 
[tk,tk+i],yk. m 

Lemma 46 Suppose (7, a) is a weak geometric 2-rough path, and D = {tkY^^Q 
is a finite partition of [0, T]. Then 

1 ""^ 1 
A h'') (0, T) = - ^ [7 (t,) , 7 {tk+i)] - 2 [7 (0) , 7 (T)] , 

ji-i 

Q (0, T) = ^ a (tfc, tfe+i) + A (7^) (0, T) . 

fc=0 

Proof. The first is obtained from direetly eomputation, the second is got by 
using multiphcativity of (7, a) (i.e.©). ■ 

Theorem m Suppose 7 e C"'^-™'- ([0,r] ,V). Then 7 € ^2 (V) if and only 
if A (7"^) converges in 1-variation as \D\ — > 0. 

Proof. -4= is clear; we prove Suppose (7, a) is a geometric 2-rough path, so 
7 is of vanishing 2-variation, a is of vanishing 1-variation. Thus, for any e > 0, 
there exists S > 0, s.t. for any finite partition D of [0,T] satisfying \D\ < 6, 
T,k,t,&D\h\\l-var,[t„t,+,] <eand T,k,t,eD\\o^(tk,tk+i)\\ <e. 

Suppose Di = {tk}f. and D2 = are two finite partitions of [0,r] 

satisfying \Di \ < S, |I?2| < S, D2 is a refinement of Di. Based on Lemma H51 

\\A (7^0 - A (7^=) |L_ < E 11^ (7^^) lll-.a..[*.,.,.l + 4 ll7ll2-.a..M 

k 

For ||A (7^^) [J J , ]• Since 7^^ is a piecewisely linear path on each 

so we only consider finite partitions, whose points are all "corner" 
points. Suppose is a finite partition satisfying Di C -D3 = C 1)2 • 

Suppose Ui — Srrii < Snii+i < ' ' ' < Snii+i = then based on Lemma l46l for 
each i, 

"li+i-i 

\\A{-f"^){u„U,+ l)\\<\\a{u^,U^+l)\\+ ^ \\a{Sj,Sj+i)\\ 

Sum over i, then 

E 11^ (7^') K> II < II^C^^'^^+i)!! X! • 

Since |i:)2| < l^^sl < \Di\ < (5, so as we assumed, Y^Lu^eD^ 11" ""i+OII < 
EiE^mr^ = Ej,s,ei3, < £■ Thus 

E ||A(7^^)(w„w,+i)|| <2e. 
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Therefore, taking supremum over all possible -D3, we get 

Z-^ W V' / II l-uar,[tfc,tfc + i] — 
fe 

Thus 

II A (7^^) - A (7^^) |L_ < 2. + 4 ||7ll,__,[o,T] 

For any finite partition D and I?', denote D" = D\J D\ and use the above 
estimates for D, D" and D' , D" . Proof finishes. ■ 

Therefore, if a vanishing 2- variation path 7 can be enhanced into a geometric 
weak geometric 2-rough path, then A (7^) converge in 1-variation as |D| — ?> 0, so 
converge pointwisely to the Riemann-Stieltjes integral 2~^ J^* [7 (u) — 7 (s) , ^7 (u)] 

Theorem [H Suppose 7 e C^"'"*'' ([0, T] , V). Then 7 can be enhanced into 
a weak geometric 2-rough path if and only if 

sup II A (7"^^) ||i_^^r [0 T] < ^ ^'^'^ (t^) Id ^'"'^ equicontinuous. 

Proof. -4= Suppose is a sequence of finite partitions of [0,T] satisfying 

lim„_j.oo \Dn\ = 0. Since {A (7^")}„ are uniformly bounded and equicontinu- 
ous, so based on Arzela-Ascoli theorem, there exists a subsequence {A (7-°"^ ) }^ 
which converge in uniform norm. Denote the limit as a. 

7 is continuous, so ^^'^k converge to 7 in uniform norm as k tends to in- 
finity. Since multiplicativity is preserved under pointwise convergence, (7, a) is 
multiplicative. On the other hand, use the lower semi- continuity of p- variation, 

||a|li_,a,,[n,T] <lim„^oo ||^(7''")||i_„,,,[o,T] ^ ™P|l^(T'')lli-™r.[o.T] <°o- 

Thus, (7, a) is a weak geometric 2-rough path. 

Suppose (7, a) is a weak geometric 2-rough path. Fix finite partition 
D = {tfe} and {s,t) e Ap^r]- Suppose tk^-i < s < tk^ < tk^ < t < tk^+i, then 
based on Lemma l46l 

II A (7^) (s, Oil (60) 

fc2-l 

< \\a{s,t)\\ + \\a{s,tk,)\\+ \\a{tk,tk+i)\\ + \\a{tk„t)\\ 

k—ki 



Thus {A (7^)}^ are equicontinuous, and (based on (pO)) '). 

SUp||^(7'')||i_,„,jo.T] <2||«|li_™r,[0,T] <00- 
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Lemma 47 Suppose 7 : [0, T] — > V, is a continuous finitely piecewise linear 
path. Then for any p > 1, q > I, p^^ +9^^ = 1, there exists finite partition 
D = {tk} s.t. \D\ < 2-iT and 



l^(7)lll_^,ar,[0,T] ^ ll^('T)lll-™r,[U,tfc+l] +2|l7lllL™r,[0,T] 



Proof. Almost the same as that of Lemma |33] when p — q — 2, hy using 
\\[u,v]\\<2\\u\\\\v\\. m 

Theorem 1331 Let 7 : [0, 1] — > V be a continuous paths. Then if there exists an 
non- decreasing function m : [0, 1] — > M+ satisfying 



such that 

Then 7eg^2 (V). 
Proof. Denote 



^ TO^ (t) 

hm m (t) = 0, m (1) < 1, and / — dt < 00, 



o<s<t<i \t - s\2 m {t - s) 



h{t)-j{s)\\ 

C := sup 1 ^ 



o<s<t<i \t - .s\^ m (t ~ s) 
Then |l7ll2-„ar.[o,T] ^ < Cm (6). Using LemmagSl 

II A (7^^) - A (7^^) |L_ < E 11^ (7^^) + 4 ll7ll2-_,[o,T] -2 (7, <5) . 

k 

fc 

While, apply Lemma 27] to bisect intervals, and use similar reasoning as that 
lead to (|54)) in proof of Theorem [29l (starting from page [30]), we get 

^'^'^dt 



Z-^n lll-tiar,[tfc,tfc + i] - \2"/ ~ I Jo * 

Thus, \\A (7^0 - ^ (7''^) II < (5) + (<5) + 2 "^dt 



Since lim5_j.o m (S) = and Jo ^dt < 00, so ^ (7^) converge in 1-variation 
as ID] 0. Based on Theorem!^ 7 is in 02 (V). ■ 
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